
PoTW 7: Week of 7-8-2021 (solution)∗

Problem of the Week at shsmathteam.com

Problem of the Week #7: Blame Jack
Topic: Geometry
Source: 2019 IMO P6

Let I be the incenter of acute triangle ABC with AB 6= AC . The incircle ω of ABC is tangent
to sides BC , CA, and AB at D, E , and F , respectively. The line through D perpendicular to
EF meets ω again at R. Line AR meets ω again at P. The circumcircles of triangles PCE and
PBF meet again at Q. Prove that lines DI and PQ meet on the line through A perpendicular
to AI .

Because this week’s problem hails from the IMO, there are dozens of different ways to attack this
problem; projective geometry, inversion, barycentric coordinates, complex coordinates, and complicated
combinations of everything. However, in the hopes of trying to make this solution as accessible as
possible, this week’s solution is based off of AoPS user MarkBcc168’s solution, who deserves substantial
credit for discovering such a wonderful solution involving only elementary, synthetic geometric ideas. In
other words, though this solution is long-winded, it should hopefully be understandable by everyone with
an elementary-level grasp of geometric configurations. Additional thanks to Osman Nal for motivating
the structure of our solution.

We will first present key properties on two "well-known" configurations that show up in this problem.
Understanding these configurations well is crucial for understanding the way that we proceed with and
motivate our final solution.

∗For inquiries: andliu22@students.d125.org
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Exposition 1: Harmonic Quadrilaterals
This configuration isn’t essential for understanding our solution, but it does show up enough that it’s
worth mentioning as a brief prologue.

For 4ABD, let the tangents at B and D on (ABD) meet at X . Let AX ∩ (ABD) = C , and M be the
midpoint of BD. Then, our main result is that

∠XAB = ∠MAD. (1.1)

In other words, AX is the isogonal conjugate of the median from A, and we call this line the symmedian
(symmetric to the median).

D
B

X

A

C

M

There are many ways to prove this is true, but the most straightforward is to assume that M is the
intersection between BD and the isogonal conjugate of AX , and then proving that BM = MD. Noting
that BX = DX and ∠XBD = ∠XDB = ∠A, we have that

BM

MD
=

AB sin∠BAM
AD sin∠MAD

=
AB sin∠DAX
AD sin∠BAX

=

Å
sin∠ADB
sin∠ABD

ãÅ
sin∠DAX
sin∠BAX

ã
=

Å
sin∠ABX
sin∠ADX

ãÅ
sin∠DAX
sin∠BAX

ã
=

AX/BX

AX/DX
= 1,

by multiple applications of the law of sines.

In this configuration, the quadrilateral ABCD is said to be harmonic. The importance of this result in
the context of our problem is that harmonic quadrilaterals can be used to prove collinearity — given
that a quadrilateral is harmonic, we must have that the intersection of the tangents at two opposite
vertices is collinear with the other two vertices (e.g, X , C , and A), a property that we’ll use as a key
claim during our proof of the main result.
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Exposition 2: Mixtilinear Incircles
The following configuration is essential for understanding our solution, so be sure to note its key claims.

Let 4ABC have incircle ω and circumcircle Ω, and orient the triangle so that BC is horizontal (as in
the diagram). Let N and M be the topmost and bottommost points on Ω, respectively, and let MC

and MB denote the midpoints of minor arcs AB and AC , respectively. Let I denote the center of ω,
and D, E , F be the touchpoints of ω on BC , CA, and AB, respectively. Now define the A-mixtilinear
incircle (denoted as ωA, with center S) as the circle internally tangent to Ω, AB, and AC , and denote
its touchpoints as T , B1, and C1, respectively.

A

B C

M

N

I

D

E

F

T

S

B1

C1

MB

MC

D′

S′′

S′

Claim 2.0: There exists a homothety HT centered at T taking ωA to Ω, and homothety HA

cenetered at A taking ω to ωA.

This claim follows directly from the definition of the mixtilinear incircle; HT exists because of the
internal tangency at T , and HA exists because of the tangencies E ,F , and C1, B1.
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Claim 2.1: T ,B1,MC , and T ,C1,MB are collinear.

This follows from Claim 2.0. HT maps B1 to the tangent point on Ω of a line parallel to AB, which is
MC . The same logic applies for C1 and MB .

Claim 2.2: B1, I ,C1 are collinear.

Note that this implies that B1I = IC1, a fact that we’ll use to prove the next claim. The quickest proof
for this fact involves Pascal’s theorem, which is not elementary, so for now we take it for granted (it’s
possible to prove using only angle-chasing, but this isn’t super relevant for our main proof so we’ll omit
it here for space).

Claim 2.3: T , I ,N are collinear. Moreover, if we let S ′′ = TN ∩ωA, and D ′ be the antipode of
D in ω, then A,D ′, and S ′′ are also collinear.

Let S ′ = AT ∩ ωA. Then notice that quadrilateral TC1S
′B1 is quadrilateral is harmonic! Therefore,

because TI is a median, Eqn 1.1 gives us that ∠MCTA = ∠MBTI = C/2.

Now let N ′ = TI ∩ Ω. We now know that N̆ ′MB = C , and moreover M̆BC = B (by definition).
Therefore, N̄ ′C = B + C , which is precisely half of B̄AC , so N ′ = N, as desired.

The second half of our claim then follows from Claim 2.0; HT gives us that S ′′ is the top of ω, so then
by HS we have that A, D ′, and S ′′ are collinear.

Claim 2.4: AS ′ and AS ′′ are isogonal conjugates in ∠BAC .

The congruency between ∠B1TS
′ and ∠C1TS

′′ gives us that B1S
′ = C1S

′′, and that ∠S ′′C1A =
∠S ′B1A = C/2. We also know that AC1 = AB1, so 4C1AS

′′ ∼= 4B1AS
′, which implies the result.

Equipped with the above two configurations, we are now ready to tackle our main result.
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Motivating the Solution
As with any geo configuration, we’ll start with a diagram (with BC oriented horizontal, as usual):

A

B C

I

M

N

D

E

F

R

P

T

Q

D′

Z

Let Ω denote the circumcircle of 4ABC , and M, N be the bottommost and topmost points on Ω,
respectively. Let D ′ be the antipode of D in ω.

As per usual, there’s a lot going on in the above diagram. Let’s break down a couple preliminary
observations:

• We know that A, I ,M are collinear. Therefore, we know that the line through A perpendicular to
AI goes through N, since MN is a a diameter in Ω.

• By virtue of the above observation, now we can define Z = DI ∩ AN, so that the problem now
boils down to proving P,Q,Z collinear. This feels more manageable than the original condition
given to us.

• Let T = AR ∩ Ω. It looks suspiciously like the point T that we defined in Exposition 2. Let’s
keep this in mind as we continue to step through our solution.

• Q is suspiciously untouched. We’ll probably need to do something about that later...

Okay, so now we’ve reduced the problem to proving a collinearity. There are lots of ways to prove
collinearity, but the one that particularly sticks out in this scenario is Menelaus’s theorem. We’ve got
lots of lengths (you may already be able to spot parallel lines and similar triangles), and it seems like
an easy way to get around the fact that we don’t know much about point Q for now. The benefit
of an approach like this one is that we know that Z ,Q,P are collinear; our task is just to prove it.
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Therefore, with a more "computational" approach like Menelaus, we know that we should be able to
dig out a solution with enough chasing of lengths (leap of faith).

With this in the back of our minds, let’s try to address our third and fourth observations, since they
seem like the keys to unlocking the connection between our problem and Expositions 1 and 2. Per
Claim 2.4, in order to prove that T is indeed the A-mixtilinear touchpoint, we just need to prove that
∠RAI = ∠D ′AI . But we know that ω is symmetrical with respect to AI (it’s an angle bisector);
therefore, this is equivalent to proving that ∠RIA = ∠D ′IA. Now this feels more manageable. After
some quick angle chasing, we find that

∠D ′IA = ∠RDI =
1

2
∠RID ′.

But ∠RID ′ = ∠D ′IA + ∠RIA, so ∠D ′IA = ∠RIA and we’re done.

Now, what should we do about Q? Here, we’re gonna need to take another leap of faith. There’s
no easy way to motivate this without the benefit of hindsight. But, after a bit of soul searching and
playing around with lines and circles that look promising, we’ll eventually stumble upon quadrilateral
BQIC (for those familiar with Fact 5, this isn’t entirely unmotivated). It looks concyclic, so let’s try to
prove it.

It turns out that the most natural thing to try works immediately;

∠BQC = ∠BQP + ∠CQP

= ∠BFP + ∠CEP

= (F̂P + P̂E )/2

= (360◦ − F̄RE )/2

= 90◦ + A/2

= ∠BIC ,

where the second to last equality follows from the fact that F̄RE = 180◦ − A, which can be seen by
looking at quadrilateral AFIE .
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Okay, now we’ve made meaningful progress. Let’s redraw our diagram:

A

B C

I

M

N

D

E

F

R

P

T

Q

D′

Z

K

...yikes. As with our first diagram, let’s break it down. Let Γ be the circumcircle of BQIC .

• We know that our goal is to somehow use Menelaus to prove P,Q,Z collinear; so, the natural
thing to do is to try to get more information about the line P,Q,Z (of course, we don’t know
it’s a line yet, but we can pretend). This motivates us to extend PQ and define K = PQ ∩ Γ.

• We still haven’t used the configuration from Exposition 1. We see that PFRE is harmonic, with
a tangent at A. From Claim 2.3, we know that N, I ,T are collinear. We also know that NB and
NC are tangents to Γ. Maybe KBIC is also harmonic...

Of course, making these observations would be pretty hard during a live solve. One of two things would
have to happen:
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(1) Backsolve the Menelaus and figure that they need to be true in order for it to work. Of course,
since again we know that our Menelaus has to work by virtue of it being given in the problem,
the angle chasing thereafter would be easy.

(2) Get lucky, take a leap of faith, and notice some patterns. This is the more likely option, sometimes
getting lucky is all you need to solve hard problems...

Motivations aside, now let’s try to prove our second observation. There are a couple ways to prove a
quadrilateral harmonic that we didn’t talk about during Exposition 1. Mainly, this is because none of
them work (easily) for our problem. It turns out that, because we already have a lot of angles, it’s fairly
straightforward to just prove that KBIC ∼ PFRE , which implies what we want because the property
of being harmonic is invariant to stretching or shrinking.

First, we’ll prove 4FRE ∼ 4BIC . Note that ∠IBC = B/2, and that ∠RDF = 90◦ − B/2 (since
F̂D = 180− B). Luckily, we’re given that RD ⊥ FE , so ∠IBC = ∠RFE . A similar argument holds to
prove ∠ICB = ∠REF , so the top halves of our quadrilaterals are similar.

Now, we’ll prove 4FPE ∼ 4BKC . We’re again just going to chase known angles:

∠KBC = ∠KQC = ∠PQC = ∠PEC = ∠PFE .

The same argument holds for proving ∠KCB = ∠PEF , so we’re done.

What does all of this tell us? Mainly, now we know that N, I ,T ,K are all collinear. Also, because
M is the center of Γ (see Fact 5), along with the fact that ∠MTN = 90◦, we know MI = MK and
IT = TK .

We’re almost ready to put everything together now. We have a lot of lengths and useful properties
about lots of points in our diagram. Going back to our first observation, our final obstacle is to answer
the question: which triangle should we use for our Menelaus? This is another leap of faith, but given
what we’ve just proven about the line NT , its natural to look at 4ANT . The lines QP and NIT also
converge nicely at point K , giving us confidence that this’ll work.
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A

B C

I

M

N

D

E

F

R

P
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Q

D′

Z

K

S

B1

C1

Let’s set up our Menelaus with 4ANT , with respect to the intersecting line ZPK :

NZ

ZA
· AP
PT
· TK
KN

= 1. (1)

If our expression holds, then ZPK will be collinear, implying that ZPQ are collinear, and we’ll be done.

First, NZ/ZA = MI/IA by virtue of the fact that IZ ‖ MN. There’s not much else we can do with this
expression, so we’ll leave it be for now.

Next, let’s look at TK/KN. We would like to express it as closely as possible with the relationship that
we have for NZ/ZA (i.e, some relationship that involves MI and IA). The natural connection between
NK and AM is power of a point, which gives us that

IA ·MI = NI · IT .
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Because we derived earlier that IT = TK , it now remains to force KN into our relationship. We can
do this through another application of power of a point, namely that

NB2 = NI · NK .

Dividing our first expression by our second thus gives us that TK/KN = IA ·MI/NB2.

Plugging our expressions into Eq 1, it now remains to prove that

AP

PT
=

NB2

MI 2
=

NB2

MB2
= cot2

Å
A

2

ã
. (2)

We’re in the home stretch now. Again, because we know that our Menelaus has to work, since we’re
given that it works in the problem statement, we know there must be a way to muscle our way through
and prove Eq 2.

By some final leap of faith, we find that the relationship AP/PT = AI/IS (where S is the center of
ωA, our A-mixtilinear incircle) is what we need to finish the problem. This relationship holds true by
virtue of HA in Claim 2.0. Letting B1 be the tangency point between ωA and AB, we can now muscle
our way through the final bit of calculation:

cot2
Å
A

2

ã
=

IB2
1

IS2
=

IS · AI
IS2

=
AI

IS
.

... and we’re finally done. Now it’s time to write everything up!
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Write Up

Solution (based off of AoPS user MarkBcc168):

A

B C

I

M

N

D

E

F

R

P

T

Q

D′

Z

K

S

B1

C1

Orient the diagram so that BC is horizontal. Let ω, Ω, and ωA denote the incircle, circumcircle,
and A-mixtilinear incircle of 4ABC , respectively. Additionally, let M, N be the bottommost
and topmost points on Ω, and let S , B1 denote the center and tangency point between ωA and
AB, respectively.
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Because A, I ,M are collinear, the problem is equivalent to proving that P,Q,Z are collinear,
where Z = PQ ∩ AN. We now proceed with a ceries of claims:

Claim 1: BQIC is concyclic.

Proof. We have that

∠BQC = ∠BQP + ∠CQP = ∠BFP + ∠CEP = 0.5 · F̄PE .

But note that F̄RE = 180◦ − A, implying that

∠BQC = 90◦ + A/2 = ∠BIC ,

as desired.

Claim 2: T = AR ∩ Ω is the A-mixtilinear touchpoint.

Proof. Denote D ′ the antipode of D in ω. Then, we have that ∠D ′IA = ∠RDI = 0.5 · ∠RID ′,
implying that ∠D ′IA = ∠RIA. However, because R and D ′ are both points on ω, this implies
that AR and AD ′ are symmetric with respect to ∠BAC , so the intersection between line AR and
Ω is the A-mixtilinear touchpoint by well known properties of mixtilinear incircles, as desired.

Claim 3. Let K = PQ ∩ (BQIC ). Then, quadrilateral KBIC is harmonic.

Proof. First, note that quadrilateral PFRE is harmonic, so it suffices to prove that PFRE ∼
KBIC .

We first prove 4RFE ∼ 4IBC . We have that ∠IBC = B/2, and that ∠RDF = 0.5 · F̂D =
90◦ − B/2. Because RD ⊥ FE , this implies that ∠IBC = ∠RFE . A similar argument holds to
prove ∠ICB = ∠REF , so our result is as desired.

It now suffices to prove4FPE ∼ 4BKC . We have that ∠KBC = ∠KQC = ∠PQC = ∠PEC =
∠PFE . A similar argument holds to proving ∠KCB = ∠PEF , so we’re done.

Now we proceed with the proof of the main result.

By Claim 3, and well known properties of mixtilinear incircles, we have that N, I ,T ,K are
collinear. Moreover, because M is the center of (BQIC ) (by virtue of Fact 5), we thus have that
TK = IT .

By Menelaus’s theorem in 4ANT and ZPK , it suffices to prove that

NZ

ZA
· AP
PT
· TK
KN

= 1.
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We have that NZ/ZA = MI/IA by similar triangles4APZ and4ATN. Also, by two applications
of power of a point, we have that IA · MI = NI · IT = NI · TK , and NB2 = NI · NK , so
TK/KN = IA ·MI/NB2. Finally,

AP

PT
=

AI

IS
=

IS · AI
IS2

=
IB2

1

IS2
= cot2

Å
A

2

ã
,

where the first equality follows from the fact that MN ‖ IZ , and the rest follows by observing
IB1 ⊥ AS and IF ⊥ AB1 in 4AB1S and 4AIB1, respectively. Multiplying together our three
ratios, it now remains to prove that

cot2
Å
A

2

ã
· MI 2

NB2
= 1,

but this follows from the facts that MI = MB, and ∠BNM = A/2 in 4BNM, so we’re done.
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