
PoTW 13: Week of 8-19-2021 (solution)∗

Problem of the Week at shsmathteam.com

Problem of the Week #13: Welcome to Math Team Airlines
Topic: Combinatorics
Source: Classical

Imagine that there are 100 passengers trying to board a commercial flight headed to euler’s oil
refinery. The first passenger forgets his designated seat, so he sits in a random one; one by one
the other passengers try to sit in their own seat; if its taken, they sit in a random open seat.
What is the chance that the 100th passenger in line gets their own seat?

∗For inquiries: andliu22@students.d125.org

1

https://shsmathteam.com/problem-of-the-week/
mailto:andliu22@students.d125.org


Solution for PoTW 13: Week of 8-19-2021 SHS Math Team

Solution (Classical, counting):

The answer is 1/2.

Say that we win if the passenger gets his last seat, and we lose otherwise. The key idea is that
for each passenger boarding the plane whose seat is already taken, there is an equal probability
that a win or a loss is guaranteed. For example, suppose that the first passenger sits in the
spot of the tenth passenger. Passengers 2-9 have no issues sitting in their own seats; however,
passenger 10 is forced to sit in any random seat. If he sits in seat 1, then we automatically
win; conversely, if he sits in seat 100, then we automatically lose. These two conditions happen
with equally probability. If passenger 10 sits in any other seat, then the result of our situation
is simply delayed, since then we will have to wait for the next passenger whose seat is already
taken to choose at random the fate of our "game". Ultimately, because the probability of us
winning or losing for any of these passengers is equal, then the total probability of us winning
or losing is also equal, so our final answer is as desired.

Solution (Classical, algebra):
This solution is also equivalent to the solution submitted by Faizaan Siddique!

We will use strong induction to prove that the answer is 1/2 for any n passengers, where n > 1.
Let P(n) be our desired probability for any n passengers.

Clearly, we must have P(1) = 1. For all other n, we can set up the following recurrence
relationship:

P(n) =
1

n

n∑
i=2

P(i),

which follows by examining each of the n possible positions of the first passenger. Assuming
that our induction hypothesis holds true for 1 < n ≤ k , it thus follows that

P(k + 1) =
1

k + 1

(
1 +

k − 1

2

)
=

1

2
,

so we are finished by the principle of strong induction.
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