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Problem of the Week at shsmathteam.com

Problem of the Week #10: Graveling Graphs
Topic: Combinatorics
Source: ICO 2020

Let G be a graph with vertex set V (G ) = {1, 2, ... , 10}, and A = {1, 2, 3, 4} be a subset of
V (G ). Suppose there exists a subgraph of G such that the vertices in A have odd degree, and
the vertices not in A have even degree. If we let f (G ) denote the least number of edges in every
possible such subgraph, then how many graphs G satisfy f (G ) = 9?
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Solution for PoTW 10: Week of 7-29-2021 SHS Math Team

Solution (intended):
This solution is also equivalent to the solution submitted by Benjamin Chen!

First, note that the parity conditions dictates that there be no cycles in G ; otherwise, the
subgraph of G without the cycles contradicts the minimality of |E (G )|. This directly implies
that G is a connected tree (if it was disconnected, then it would contain cycles) with exactly 9
edges.

Now, the sum of the degrees of of the vertices in G is 18, so it is easy to check that the only valid
cases for the degrees of vertices of (1, 2, 3, 4) are (1, 1, 1, 1), or (3, 1, 1, 1) (and permutations).

A

In the former case, the vertices not in A must have one vertex with degree 4 and the rest degree
2. We thus get four "branches" stemming from the central vertex with degree 4, where the 4
vertices in A are the leaves of each branch. By stars and bars, are

(
8
3

)
ways to distribute the five

remaining vertices throughout the four branches, and 6! to permutate all vertices not in A, for
a total of 6! ·

(
8
3

)
graphs in this case.

In the latter case, all vertices not in A must have degree 2; therefore, in this case there are only
three "branches" stemming from a central vertex, where the central vertex and the three leaves
are the 4 vertices in A. There are 4 ways to pick the central vertex. By stars and bars, there
are

(
8
2

)
ways to distribute the six remaining vertices throughout the three branches, and again

6! ways to permutate them. Therefore, this case gives us a total of 4 · 6! ·
(
8
2

)
graphs.

Our final answer is thus

6! ·
(
8

3

)
+ 4 · 6! ·

(
8

2

)
= 3 · 8! graphs .
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